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Dynamics and transverse relaxation of an unconventional spin-rotation mode in
a two-dimensional strongly magnetized electron gas
S. Dickmann
Institute of Solid State Physics, Russian Academy of Sciences, Chernogolovka, 142432 Russia
(Dated: August 11, 2018)
An unconventional spin-rotation mode emerging in a quantum Hall ferromagnet due to excitation
by a laser pulse is studied. This state, macroscopically representing a rotation of the entire electron
spin-system to a certain angle, microscopically is not equivalent to a coherent turn of all spins as a
single-whole and is presented in the form of a combination of eigen quantum states corresponding to
all possible Sz spin numbers. Motion of the macroscopic quantum state is studied microscopically by
solving a non-stationary Schro¨dinger equation and by means of a kinetic approach where damping
of the spin-rotation mode is related to an elementary process – transformation of a ‘Goldstone spin
exciton’ to a ‘spin-wave exciton’. The system exhibits a spin stochastization mechanism (determined
by spatial fluctuations of the Lande´ factor) providing the damping – the transverse spin relaxation,
but irrelevant to a decay of spin-wave excitons and thus not providing the longitudinal relaxation –
recovery of the Sz number to its equilibrium value.
PACS numbers: 73.43.Lp,73.21.Fg,75.30.Ds
I. INTRODUCTION (MACROSCOPIC
APPROACH)
Two-dimensional electron gas (2DEG) composed
only of conduction-band electrons embedded in
quantized perpendicular magnetic field represents a
unique quantum object for direct study of magnetic
phenomena and collective spin excitations by using
both macroscopic and microscopic approaches. In
particular, in the so-called quantum Hall ferromag-
net (QHF), i.e. in the case of large nonzero total
spin momentum (i.e. at fillings ν=1, 3, ... or even at
ν = 1/3, 1/5...), it is possible only by means of free
conduction-band electrons to experimentally model
and study properties inherent to common exchange
magnets.1–10 Many of QHF properties (for example,
spectra of magnetoplasma and spin excitations as
well as spectra of spin-magnetoplasma ones 1,4–6,11)
are determined directly by ‘ab initio’ interaction –
the Coulomb coupling of 2D electrons. Besides, ex-
ternal fields such as spatial electrostatic fluctuations
within the 2D structure and spin-influencing micro-
scopic couplings (actually the spin-orbit and hyper-
fine ones) both responsible for the dephasing and
relaxation processes, are also considered straightfor-
wardly in the context of a perturbative approach.
These QHF features are substantially differing from
description of ‘regular’ (exchange) magnets which
usually represents a phenomenological approach or a
microscopical study based on a model Hamiltonian.
Description of dynamics of the ferromagnet by
means of the Landau-Lifshitz (L-L) equation12 is
just a typical phenomenological approach. This
equation in the case relevant to the QHF would be:
∂S/∂t=−gµBS×B−λS×(S×B), where S is macro-
scopically large spin of electrons (it is taken into ac-
count that the effective magnetic field in the rarefied
electron gas is actually equal to external magnetic
field B). The first term of the L-L equation de-
termines the process of fast spin precession around
B with frequency |g|µBB/~, and is definitely valid
in the QHF case. The second term, responsible for
the precession damping, represents a vector directed
from S to B. This vector is chosen in the form cor-
responding to the spin motion conserving length of
S (∂S2/∂t ≡ 0). Such a conservation condition is
natural for the strong exchange ferromagnet where
damping is accompanied by weak dissipative pro-
cesses (in particular, by dissipation of the Zeeman
energy |g|µBB|Sz(∞)−Sz(0)| due to restoration of
the Sz(t) component; zˆ‖B), yet not violating conser-
vation of the total exchange magnetic energy. The
latter is considered to be strictly determined by S.
It is worth noting that the characteristic exchange
energy in the 2DEG is by two orders smaller than in
common exchange magnets, so the term ferromag-
net as applied to the magnetized 2DEG is rather
conventional. In the QHF the Coulomb/exchange
interaction energy (∼ EC = αe2/κlB, where α < 1
is a form-factor arising due to finiteness of the 2D
layer thickness; κ and lB are the dielectric constant
and magnetic length) undoubtedly represents the
main force holding electron spins aligned along the
magnetic field. This fact is manifested, e.g., in a
huge enlargement of the effective g-factor in mea-
surements of the activated conductivity;13 however,
absence of spontaneous magnetization in the 2DEG
when the external magnetic field is switched off cer-
tainly indicates that the QHF is not an exchange
ferromagnet. Experimental researches 8,9 and the
microscopic study presented in the following sec-
tions show that under quantum Hall conditions the
2DEG spin-precession damping occurs via dephas-
ing/stochastization processes really not changing the
exchange energy, while S is still diminishing in ac-
cordance with the condition of constancy of the Sz
component that corresponds to the Zeeman energy
conservation. The subsequent process of Zeeman en-
ergy dissipation proceeds much slower [see Ref. 10
and references therein]. Therefore total magnetic
relaxation in the QHF case is characterized by two
stages: the first one is comparatively fast being actu-
ally damping of the spin precession where direction
of S approaches the B direction at Sz held constant;
the second stage related to the Zeeman energy dis-
sipation represents slow recovery of the spin angular
momentum S (directed parallel to zˆ; S =Sz) to its
equilibrium value.10 Following the nuclear magnetic
2resonance terminology,14 the characteristic times of
these two stages could be called the transverse time
T2 for the fast stage and the longitudinal time T1 for
the slow one.
Thus by analogy with the Landau-Lifshitz equa-
tion we can write a simplest equation describing the
QHF motion in the framework of the macroscopic
approach
∂S/∂t=−gµBS×B−λQHB×(S×B). (1.1)
Now the term responsible for damping is again a vec-
tor directed from S to B but linear in S. This vector
has zero projection onto the zˆ direction. For the Sz
and S⊥=(Sx, Sy) components we obtain: ∂Sz/∂t=0
(instead of ∂S2/∂t≡0 in the L-L equation) and
∂S⊥/∂t=−gµBS⊥×B−λQHB2S⊥. (1.2)
In Fig. 1b trajectories of the S vector approaching
the zˆ direction are drawn in both situations: the
motion is ruled by the Landau-Lifshitz equation and
by Eq. (1.1).
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FIG. 1: a — illustration to the magnetic moment mo-
tion; the red arrow corresponds to the first (precession)
term in the macroscopic equation; the blue arrow corre-
sponds to the second (damping) term. b — illustration
to the damping considered in the coordinate system pre-
cessing with the spin momentum; the blue dashed lines
are the S(t) damping trajectories from S(0) to S(∞)
drawn for the Landau-Lifshitz equation (arc) and for Eq.
(1.1) (horizontal line).
So, at the initial moment the spin-rotation mode
macroscopically is a vector S(0) rotated by an an-
gle θ about an axis lying in the plane (xˆ, yˆ). Here
θ measures deviation from the ground-state magne-
tization direction zˆ (see Fig. 1b). If 0<θ<π then
rotation of S by any angle 0< ϕ < 2π about the zˆ
axis leads certainly to a different state though with
the same energy. Rotational symmetry (about zˆ) of
the QHF state at any 0< θ < π corresponds to the
group C1v in the case, and thus represents a sponta-
neous breaking of the ground-state continuous sym-
metry C∞v. This ‘θ-inclined state’ possesses energy
|gµBB|(1−cos θ)S(0) macroscopically corresponding
to a gapless Goldstone mode in terms of parameter
θ. We will use this term – ‘Goldstone mode’ for the
θ–spin-rotational deviation in order to distinguish
it from another one corresponding to a ‘longitudi-
nal’ deviation where both spin numbers S and Sz
change equally: δSz = δS. In the latter case evi-
dently the symmetry of the system remains C∞v as
in the ground state.
Main purpose of the present work is to calculate
the transverse relaxation rate that is the inverse time
1/T2 = λQHB
2. In comparison with the estimate
made in Ref. 9 we consider not only small but ar-
bitrary deviation angles of spin S from its equilib-
rium direction. Our microscopic approach (see Sec.
IV) results in proportionality of the relaxation rate
to the density of spin-wave states (purely electronic
ones!) which for its part is inversely proportional
to the Coulomb coupling strength EC. It is inter-
esting that the coefficient λQH may be written as
λQH = λ
′/rs where parameter rs represents ratio
of the Coulomb/exchange interaction energy to the
characteristic single-electron energy. For the QHF
the former is EC and the latter is the cyclotron en-
ergy ~ωc, so that λ
′ proves to be independent of the
magnetic field for the studied stochastization mech-
anism. Under typical quantum Hall conditions we
have rs∼0.2. [For comparison: in the exchange fer-
romagnet the parameter rs is huge, ∼100−1000, and
the second term in Eqs. (1.1) and (1.2) becomes
negligible, so that the L-L equation is used in the
case.15]
It is significant that in the case of ‘classical’ QHFs
when fillings are odd-integer (ν=1, 3...), the micro-
scopic approach presented in the following sections
enables us to solve the problem in an asymptotically
exact manner if the parameter rs is considered to be
small. Both experimental data and theoretical dis-
cussion show that precisely such ‘odd-integer’ QHFs
are the strongest ones, i.e. the precession damping
is well longer compared to nearby states with frac-
tional fillings.9 It should also be noted that the mi-
croscopic research allows to find not only the coeffi-
cient λQH but reveals the S⊥(t) behavior which is ab-
solutely beyond the macroscopic approach: besides
the exponential damping governed by Eq. (1.2),
the microscopic study shows that at short times
t . τ0 ≪ T2 an initial transient stage which is not
described by Eq. (1.2) takes place. The τ0 value
will be calculated in Sec. IV.
II. MICROSCOPIC APPROACH:
‘UNCONVENTIONAL’ SPIN-ROTATION
(GOLDSTONE) MODE AS THE INITIAL
QUANTUM STATE
Macroscopically, the Goldstone mode is uniquely
defined by angle θ. However, quantum-mechanically
the initial θ-deviation of the many-electron system
may be organized in numerous ways and is a multi-
ply degenerate state. Indeed, if |0〉 is the ferromag-
net ground state where Sz=S≫1, then any n-fold
action of the spin lowering operator, |n〉=(S−)n|0〉
(S− = Sx− iSy, n ≤ 2S), results in an eigen state
with the same S number and with Sz=S−n. This
action does not change the orbital state. In the mi-
croscopic description of a state corresponding to the
3macroscopic deviation by θ, we may simply consider
|C〉 = ∑n Cn|n〉, where besides the normalization
condition 〈C|C〉=1, the set of coefficients Cn has to
satisfy only one additional equation:∑
n
n|Cn|2〈n|n〉=S(1−cos θ). (2.1)
Note also that in fact any |C〉 vector is orbitally
equivalent to the ground state: density of particles
calculated at any spatial point is the same in the
|C〉 and |0〉 states; matrix elements of any spin-
independent external fields calculated within brack-
ets 〈C|...|C〉 are equal to those calculated within
〈0|...|0〉. In other words, the |C〉 state represents
a kind of a ‘~k = 0 excitation’ not disturbing the
electron-system orbital state. Really, if a 2D elec-
tron system is optically excited then a certain ~k=0
state can appear under condition
Λkphoton‖≪1, (2.2)
where Λ is a linear characteristic of the electron 2D-
density spatial fluctuations (e.g., correlation length,
∼ 50 nm, of the electrostatic smooth random po-
tential available in the 2D electron channel) and
kphoton‖ is the photon wave-vector component par-
allel to the electron system plane.
Specific set {Cn}must be additionally concretized
by microscopic initial conditions formulated appro-
priately to the specific method of the Goldston mode
excitation. An example of such a specification would
be the excitation resulting in a quantum state micro-
scopically equivalent to the ground one, i.e. where
the ferromagnetic order remains the same but only
changes its direction. Then all electron spins prove
to be aligned not along zˆ ‖B but along an axis zˆ′
tilted by an angle θ to the B direction. In this case
we have again two definite quantum values S and Sz′
and the property Sz′ = S. We emphasize that this
case is not general but represents only a specific sit-
uation. The microscopic quantum state correspond-
ing to this case we call ‘conventional’ rotation-mode.
Contrary to this, if the state |C〉 above with arbi-
trary set {Cn} is not an eigenstate for any Sz′ oper-
ator (i.e. there is no zˆ′ direction in which the total
Sz′ component has a definite value), then the |C〉
state should be called an ‘unconventional’ rotation-
mode. [The term ‘rotation-mode’ accentuates the
fact that every |C〉 state still remains diagonal for
the S2 operator corresponding to its maximum value
Nφ(Nφ/2+1)/2)]. The conventional and unconven-
tional modes macroscopically can be characterized
by the the same values of S and θ if only the Cn
coefficients satisfy equation (2.1).
The initial state in the available experiments 8,9
is the result of fast absorption of the laser pulse
by the QHF electrons. The pulse is formed with
the condensate of coherent photons equally polar-
ized and propagating at angle β < 90◦ to the mag-
netic field (i.e. to the S direction if the system is in
the ground state), and represents a laser pumping
in resonance with the optical transition from the va-
lence band to the electron Fermi edge corresponding
at the ν=2l+1 filling to the spin-up sublevel of the
l-th Landau level. Wave vector of the pulse photons
well satisfies the condition (2.2). Due to photon ab-
sorption providing fast (∼ 10 ps) electron-hole tran-
sient processes,16 the spin state ↑=(10) of a spin-up
electron converts into the ‘spin-rotated’ state
ր =
(
cos(β/2)
−sin(β/2)
)
(2.3)
with the same orbital wave function [β is the Euler
angle; two others (α and γ) may be chosen equal to
zero]. The ↑→ր conversion with the conservation
of the orbital state of the total system is a conse-
quence of strict ‘verticality’ in the K-space (as well
as in the real space) of electron-hole transitions,16
occurring due to the light absorption in case the
condition (2.2) is satisfied. The spin-up and spin-
down probabilities for the ‘spin-inclined’ state ր
are cos2(β/2) and sin2(β/2) respectively. If an elec-
tron system consists of Ne > 1 spin-up electrons
(Sz = S = Ne/2), then it is physically clear that
due to the absorption of one photon and subse-
quent ‘vertical’ electronic processes, we get the Sz-
non-diagonal (‘inclined’) state with the probability
cos2(β/2) to have spin number Sz =Ne/2, with the
probability sin2(β/2) to have Sz=Ne/2−1, and with
zero probability to have any Sz<Ne/2−1 values. At
the same time, since the orbital state is not changed,
such a ‘1-inclined’ state has to be a combination of
the strictly spin-up state and the state arising due
to a single action of the spin-lowering S− operator;
therefore, it should remain diagonal for the S2 oper-
ator.
In the following we focus on the odd-integer QHF
where number of electrons in the highest (nonempty)
Landau level is equal to the Landau level degeneracy
number: Ne=Nφ. As the ground state we have
|0〉= |
Nφ︷ ︸︸ ︷
↑↑ ...↑ 〉 ≡ a†p1a†p2 ...a†pNφ |vac〉, (2.4)
where a†p is the spin-up creation operator; num-
bers pj = 2πj/L labelling states of the de-
generate Landau level run in series over values
2π/L, 4π/L, ... 2πNφ/L≡L/l2B, where L2 is the area
of the 2D system.
A. One-photon absorption
We first study the one-photon absorption by the
ground state. Certainly, the state with one ‘inclined’
electron if simply written as
|↑↑ ...↑րj ↑ ...↑〉 ≡
(
cos
β
2
−sinβ
2
b†pjapj
)
|0〉 (2.5)
(b†p is the spin-down creation operator) is incorrect
because it violates the principle of electrons indis-
tinguishability and does not corresponds to any def-
inite value of the conserved total spin S = Nφ/2.
However, every state (2.5) represents a correct com-
bination in terms of the Sz component: probabilities
of the Sz=Nφ/2 and Sz=Nφ/2−1 magnitudes are
cos2(β/2) and sin2(β/2) respectively. In order to de-
scribe correctly the ‘inclined’ state one has to carry
4out an adequate averaging for vectors (2.5) where
all individual spin-flip operators P †j ≡ b†p jap j par-
ticipate equally. This collective state is obviously
constructed with the help of the S−=
∑Nφ
j=1P
†
j oper-
ator, and as a result we obtain a correct one-electron
‘inclined’ state
|1, 0〉 =
(
cos
β
2
− sinβ
2
N−1/2φ S−
)
|0〉. (2.6)
Here it is taken into account that the squared norm
of the state S−|0〉 is equal to Nφ. Physically, Eq.
(2.6) means that each of the Nφ individual com-
ponents P †j |0〉 contributes as the 1/Nφ part to the
collective one-electron spin-flip. In fact, the state
described by Eq. (2.6) and considered as an ini-
tial state of the rotation-mode motion can be used
in the case where the number of ‘inclined’ electron
spins is much smaller than the number of electrons
in the Landau level: N≪Nφ. Experimentally this
situation is realized if the laser pulse is not very
powerful.9
B. Absorption of N coherent photons
In order to describe the initial state in the N ∼
Nφ case, we generalize the above approach. First
consider the opposite special case — the situation
with a maximum ‘quantum efficiency’ of the laser
pulse where N = Nφ that means all electron spins
are aligned along zˆ′ tilted by angle θ = β to the
B direction. A microscopic description of such a
‘conventional’ rotation mode is
|րր...ր〉≡
Nφ∏
j=1
(
cos
β
2
−sinβ
2
P †j
)
|0〉. (2.7)
Going to the ‘unconventional’N<Nφ case, first con-
sider the ‘conventional’ rotation for a subset {JN}
of N electrons chosen among the Nφ ones: {JN}≡
{pj1,pj2, ...,pjN } where the ordering pj1 <pj2 < ... <
pjN is assumed. Then such a ‘JN -inclined’ state
(which is definitely not a correct state describing the
total system) is
N∏
m=1
(
cos
β
2
−sinβ
2
P †jm
)
|0〉
≡
N∑
n=0
(
cos
β
2
)N−n(
− sinβ
2
)n
(SJN−)
n
n!
|0〉.
(2.8)
Here SJN−=
∑N
m=1 P
†
jm
is the spin lowering opera-
tor for the {JN} subset. The norm of the state (2.8)
is equal to one. It is noteworthy that every mem-
ber in the Eq. (2.8) right-hand-side represents an
eigenstate for the operator Sz of the total system,
namely: Sz(SJN−)
n|0〉=(12Nφ−n)(SJN−)n|0〉. [How-
ever, (SJN−)
n|0〉, of course, is not an eigenstate for
the total operator S2.] We note also that expansion
(2.8) over the Sz eigenstates does not depend on spe-
cific subset {JN}. Indeed, since the squared norm
of every (SJN−)
n|0〉 vector is independent of {JN},
RNn=〈0|(SJN+)n(SJN−)n|0〉≡N !n!/(N−n)! (2.9)
(cf. Ref. 17 and see also Appendix A below), norm
of every item in the sum of Eq. (2.8) is completely
determined by the numbers N and n only. In other
words, the quantum probability distribution over the
Sz values given by Eq. (2.8) is only determined by
number N and does not depend on choice of a spe-
cific subset {JN}. This probability,
sin2n(β/2)[cos2(β/2)]N−nRNn/(n!)
2 , (2.10)
namely the probability of the total Sz component to
take value Nφ/2−n, thus must also be the same for
the desired ‘N -inclined’ state.
Obviously generators for the Sz eigenstates of the
total system, defined under the condition of the to-
tal S-number conservation, are the (S−)
n operators
commuting with the operator S2 [in contrast to op-
erators (SJN−)
n non-commuting with S2]. Now, in
order to find the correct ‘N -inclined’ state, we have
to take into account the indistinguishability princi-
ple for various {JN} subsets when N coherent pho-
tons are effectively absorbed providing N conver-
sions ↑ → ր. All possible samples {JN} must
equally contribute to the ‘N -inclined’ state. We per-
form averaging over all subsets by analogy with the
above transition from an individual spin-flip state
Pj |0〉 to sum
∑
j Pj |0〉 ≡ S−|0〉 in the combination
(2.6). Now we consider transition from a specific
subset {JN} to sum over all possible {JN}. We note
that equivalence∑
{JN}
(SJN−)
n |0〉≡
∑
{JN}
(
N∑
m=1
P †jm
)n
|0〉
=A(N,n)

Nφ∑
j=1
P †j

n|0〉=A(N,n)(S−)n|0〉
(2.11)
takes place. Therefore averaging requires replace-
ment of the states (SJN−)
n|0〉 in the combination
(2.8) with the states |n〉=(S−)n|0〉. [Factor A(N,n)
can be calculated but is not important for the fol-
lowing.] However, of course, a simple SJN− → S−
substitution in Eq. (2.8) would be incorrect. One
has to appropriately normalize the ∼ |n〉 items in
this combination in order to satisfy the condition
above – the probability for the Sz component to be
Nφ/2−n must be determined by the value (2.10).
This condition gives the evident way to yield the
proper collective ‘N -inclined’ state: the (SJN−)
n-
operators in the sum (2.8) must be replaced with the
(RNn/RNφn)
1/2(S−)
n ones, where RNφn = 〈n|n〉 =
RNn|N=Nφ That is, the correct ‘N -inclined’ state
representing the unconventional spin-rotation mode
is
|N, 0〉 =
N∑
n=0
Cn|n〉, (2.12)
where
Cn=
1
n!
(
cos
β
2
)N−n(
− sinβ
2
)n√
N !(Nφ−n)!
Nφ!(N−n)! . (2.13)
The N=Nφ particular case corresponds to the con-
ventional mode (2.7).
We note, concluding this section, that equations
(2.12)-(2.13) represent an expansion over the com-
plete set of orthogonal basis states – the eigen states
5of the operator Sz of the total electron system cor-
responding to the ~k=0 case and besides to the fixed
maximum value S2=(Nφ/2+1)Nφ/2. Coefficients in
this expansion are uniquely determined by require-
ment to have a definite probability distribution of
the Sz = Nφ/2−n eigenvalues stemming from the
study of a coherent spin-rotation by the Euler an-
gle β of any N -electron subset (0 6 N 6 Nφ): the
probability is given by Eq. (2.10) if 0 6 n6N , or
equal to zero if n>N . The derivation of the state
presented by Eqs. (2.12)-(2.13) is based on the as-
sumption of the ↑ →ր transition [see Eq. (2.3)] if
photon is absorbed by a single electron and on the
quantum-mechanical indistinguishability principle.
We will consider the Eq. (2.12) state with the fac-
tors (2.13) as the initial one for the following tempo-
ral evolution of the state. However, we will see that
in agreement with the macroscopic approach (Seq.
I) the relaxation law for the transverse component
S⊥ is actually independent of a specific set {Cn}, de-
termining the value of this component at the initial
time.
III. MICROSCOPIC APPROACH:
PRECESSION WITHOUT DAMPING
Now we find the non-stationary state |N, t〉 obey-
ing the Schro¨dinger equation i∂|N, t〉/∂t= Hˆ0|N, t〉
(assuming ~=1 here and below), where as the first
step we consider only the Hamiltonian terms com-
muting with the Sz and S
2 operators, i.e. Hˆ0 =
−ǫZSz +Hint. (Neglect of damping marked by sub-
script ‘0’.) Here the Zeeman gap, ǫZ = |g|µBB (g
considered to be negative), is a constant independent
of spatial coordinates, and Hint describes all spin-
less interactions including the Coulomb two-particle
interactions and single-particle ones determined by
spin-independent external fields. For the station-
ary |n〉 states we have: Hˆ0|n〉 = (E0+nǫZ)|n〉 ≡
i∂
[
e−i(E0+nǫZ)t|n〉]/∂t, where E0 is the ground state
energy. As a result, if the initial state is determined
by Eq. (2.12), the Schro¨dinger equation solution is
|N, t〉 = e−iE0t
N∑
n=0
Cne
−inǫZt|n〉 (3.1)
with Cn coefficients given by Eq. (2.13).
With the help of the state (3.1), we find quantum-
mechanical averages of the relevant values at a given
instant t. The total spin squared is a quantum num-
ber: S2|N, t〉 = [(Nφ/2+1)Nφ/2] |N, t〉 (i.e. S =
Nφ/2). The average spin component 〈Sz〉 and the
average squares are also time-independent:
〈t, N |Sz|N, t〉=Nφ/2−Nw, 〈S2z 〉=〈Sz〉2+w(1−w)N,
and
〈S2x+S2y〉≡S(S+1)−〈S2z〉
= NφNw−(wN)2−w(1−w)N+Nφ/2
[where w=sin2(β/2)<1/2]. In the framework of the
employed approximation neglecting any spin damp-
ing the only physical value depending on time is the
quantum average of the transverse spin 〈S⊥〉. In
order to obtain this, we calculate the 〈Sx+iSy〉 av-
erage:
〈t, N |S+|N, t〉=e−iǫZt
N−1∑
n=0
CnCn+1〈n+1|n+1〉
=−tan(β/2)e−iǫZt
N−1∑
n=0
√
(Nφ−n)(N−n)Bn,
(3.2)
where
Bn =
N !
n! (N−n)!w
n(1−w)N−n.
So, Eq. (3.2) describes the Larmor precession in
complete agreement with the Sec. I equations if
neglecting damping. For the conventional Gold-
stone mode (i.e., for N = Nφ) the result is |S⊥| =
(Nφ sinβ)/2 having evident geometric interpreta-
tion, see Fig. 1b. Considering the macroscopic limit
where N≫1 while the N/Nφ ratio is held constant,
we notice that the Bn numbers have a sharp maxi-
mum at n=Nw with the width ∆n ∼ √N . Then
summation over n results in
〈S+〉≈− sin(β/2)e−iǫZt
√
N(Nφ−Nw), (3.3)
and we make certain that macroscopically |S⊥|2 =
S2 − S2z ; and the deviation angle is
θ=arccos
(
1− 2NNφ sin
2β
2
)
. (3.4)
For the conventional Goldstone mode we naturally
get θ=β.
It is interesting to consider behavior of the angle
θ as a function of the laser-pulse intensity, i.e. of
total number of coherent photons (I) in the pulse.
If the intensity is rather weak, then the number N is
simply proportional to I. (This agrees with experi-
ments where the studied Kerr signal 8,9 was found to
be proportional to the intensity of the laser beam.)
Hence if N≪ Nφ, we can write dN/dI =W , where
W is a ‘quantum efficiency’ factor independent of N .
When speaking of ‘quantum efficiency’ we consider
not the total number of absorbed photons but only a
minute amount of them resulting in the ↑→ր con-
versions in the conduction band (cf. Ref. 16); so,
of course, W ≪ 1. What does occur with growing
intensity? It is clear that N cannot exceed Nφ. In
the case of N comparable to Nφ we have to take into
account that the ↑→ր conversion is realized only if
the place on the Landau level corresponding to the
relevant ‘vertical transition’ 16 is occupied by a spin-
up electron ↑. Indeed, the ր→ր process does not
contribute to the effective magnitude W and there-
fore this value becomes function of N , namely W
has to be proportional to number of spin-up elec-
trons, Nφ−N , at the Landau level. Considering
equation dN/dI = W0(1−N/Nφ) we find to within
an unknown constant W0 (which actually could be
found experimentally by measuring I and θ) that
N=Nφ[1−exp (−W0I/Nφ)]. This equation together
with Eq. (3.4) yields the θ(I) dependence.
6IV. MICROSCOPIC APPROACH:
DAMPING VIA STOCHASTIZATION DUE
TO A SMOOTH SPATIAL DISORDER OF
THE g-FACTOR
The basis set of orthogonal states |n〉 must be
extended in case one studies stochastization pro-
cesses. It is known from eighties 11 that in the
ν=1, 3, ... homogeneous quantum Hall ferromagnet
(in the absence of any external non-homogeneous
fields) there is a spin-wave eigenstate Q†
q
|0〉 char-
acterized by a 2D momentum q 6= 0. This, along
with the |1〉 ≡ S−|0〉 excitation, is separated by the
ǫZ gap from the ground state. Within leading ap-
proximation in parameter rs the spin-wave operator
is defined as
Q†
q
=
∑
p
e−iqxp b†
p+
qy
2
ap− qy
2
(4.1)
[cf. Refs. 9,17,18 and references therein — previous
definitions of the Q†-operators 9,17,18 differ from Eq.
(4.1) by factor N−1/2φ ; q and p in Eq. (4.1) are mea-
sured in 1/lB units]. Energy of the spin wave (spin
exciton) counted from E0 is Esw= ǫZ+Eq. At small
momenta q the spectrum is quadratic: Eq=q2/2Mx
(the spin-exciton mass Mx was measured in the
works cited in Ref.5; actually M−1x ≈ 2meV in the
GaAs/AlGaAs wide-thickness quantum wells). In
spite of formal operator equivalence Q†
q
∣∣
q→0
≡ S−,
states |q, 1〉=Q†
q
|0〉 and |1〉=S−|0〉 represent at any
q different spin excitations. It is natural to call |1〉 a
Goldstone exciton or a ‘zero spin exciton’ state and
|n〉 an n-fold zero-exciton condensate, while |q, 1〉
at any nonzero q ‘spin-wave exciton’ or a ‘nonzero
spin exciton’. [Here term ‘Goldstone’ means that
the S− operator is used for description of the q≡ 0
basis states |n〉 used in the microscopic presentation
(2.12) of the macroscopic Goldstone mode; micro-
scopically both – the Goldstone and spin-wave exci-
tons – are irrelevant to any spontaneous symmetry
breaking.] The nonzero exciton corresponds to the
δS = δSz = −1 change as compared to the ground
state; whereas, we remind, the Goldstone exciton
changes only Sz (δSz =−1) and does not change S
(δS=0). Considering the
|q;n〉=Q†
q
|n−1〉
state – also an asymptotically exact eigenstate of the
Coulomb interaction Hamiltonian in terms of small
rs,
18 we conclude that the |n〉 → |q;n〉 transition
would occur with the δS =−1 change without any
change in Sz, thereby preserving the Zeeman energy.
This transition is a key point of the stochastization
process studied in this paper.
The perturbation field responsible for coupling be-
tween the |n〉 and |q, n〉 states must be operating
on spin variables (and changing S) as well as vi-
olating translational invariance of the system. In
this connection spatial fluctuations of the effective
Lande` factor is just a relevant perturbation, espe-
cially for the GaAs/AlGaAs heterostructures.9 In-
deed, in GaAs the intrinsic spin-orbit interaction of
the crystal field with the spins of conduction-band
electrons strongly changes the effective g-factor as
compared with the bare value g0 = 2 resulting in
small total effective factor: g≈−0.43 in bulk GaAs.
An external disorder field is added to the crystal
one, therefore small effective g in turn should be rela-
tively well exposed to the spatial disorder. Following
Ref. 9 we consider an additional perturbative term
Vg=g1(r)µBBSz, where the mean value of g1 is cho-
sen to be equal to zero:
∫
g1(r)dr/L
2=0. It is useful
to employ Fourier expansion g1(r)=
∑
q
eiqr/lBg1(q).
Let the g-disorder be spatially isotropic and thus
characterized by the correlatorG(r)=
∫
g1(r0)g1(r0+
r)dr0/L
2; then the Fourier component, G(q) =∫
G(r)e−iqr/lBdr/(2πlB)
2 is also a function of the q
modulus and G(q) =Nφ|g1(q)|2/2π. Following the
common secondary quantization procedure,
Vˆg=
∑
p1,p2, σ1, σ2
c†l,p1, σ1cl,p2, σ2〈ψ∗l,p1, σ1 |Vg|ψl,p2, σ2〉
[ψl,p,↑/↓ and cl,p,↑/↓ are electron wave function and
annihilation operator corresponding to the (l, p, ↑/↓)
state of the half-filled (l-th) upper Landau level], we
obtain after simple manipulations the perturbation
in the form
Vˆg=µBB
√
π
2Nφ
∑
q 6=0
Φ(q)(A†
q
−B†
q
). (4.2)
Here Φ(q) =
√
G(q)Ll(q
2/2)e−q
2/4, where Ll is the
Laguerre polynomial, and A†
q
is the intra-sublevel
operator: A†
q
=
∑
p e
−iqxpa†
p+
qy
2
ap− qy
2
(B†
q
means
the a → b substitution). The coupling is deter-
mined by matrix elements calculated with the bra-
and ket-vectors |n〉 and |q, n〉 where q 6=0. We find
〈n′,q |Vˆg|n〉≡〈n,q |Vˆg |n〉(1−δn,0)δn′,n, where
〈n;q |Vˆg |n〉=−
√
2πNφ µBB n!(Nφ−2)!
(Nφ−n−1)!Φ(q) (4.3)
[commutation rules [A†
q
, S−] = −Q†q and [B†q, S−] =
Q†
q
have been used, as well as calculation of the
squared norm
〈n;q |q;n〉= (n−1)!Nφ!
(Nφ−1)(Nφ−n−1)! (q 6=0) (4.4)
which is independent of q; cf. Ref. 17 and Appendix
A below]. Besides, we always have 〈n′|Vˆg|n〉≡0.
Naturally the basis consisting of states |n〉 and
|q;n〉 is incomplete. The action of the Vˆg operator on
the state |q, n〉 causes a quantum fluctuation result-
ing in states Q†
q′
Q†
q
|n−2〉 ≡ |q′,q;n〉. Strictly speak-
ing, these double–nonzero-exciton states as well as
states |q′′,q′,q;n〉, |q′′′,q′′,q′,q;n〉 etc ... are not
eigenstates of the system due to the exciton–exciton
coupling. The latter at large inter-exciton distances
(≫ lB) is actually an electro–dipole-dipole interac-
tion; in other words, e.g., the action of the Coulomb-
interaction Hamiltonian on the |q2,q1;n〉 state re-
sults not only in (Eq1+ Eq2+ E0) |q2,q1;n〉 but also
in an ‘additional’ vector [[Hˆint,Q†q1 ]Q†q2 ]|n−2〉. The
latter has a small norm – exactly by infinitesimal fac-
tor, . ECNφ
−1/2, differing from the |q2,q1;n〉-state
7norm and corresponds to the exciton-exciton inter-
action (cf. the dynamic exciton-exciton scattering
studied in Ref. 19). Nevertheless, it is physically
evident that the leading-approximation study in the
framework of states |qk,qk−1, ...qi, ...q1;n〉 where
k≪Nφ (though n.N ∼ Nφ) is in fact equivalent
to the approximation of non-interacting spin exci-
tons. Otherwise, the situation where k∼Nφ (i.e. the
exciton-exciton coupling becomes of the same order
as the single-exciton energy) would make the model
of non-interacting excitons quite meaningless.20 In
this section we consider the problem in the frame-
work of the basis set where the characteristic number
of nonzero excitons emerging due to the stochastiza-
tion is much smaller than the mean number of zero
excitons: k ≪ 〈|S⊥|〉 ∼N . Comparison of our ap-
proach at k ≪ Nφ with the macroscopic equation
(1.2) allows one to conclude that microscopically
only the initial stochastization stage when t ≪ T2
is studied, and therefore T2 is determined by linear
dependence |S⊥(t)| = |S⊥(0)|(1−t/T2). In order to
find this dependence (and thereby T2), a study of the
|n〉→|q;n〉 elementary transitions is quite sufficient.
Thus, we now calculate the quantum mechanical
average
〈S+〉 = V〈N, t|S+|N, t〉V , (4.5)
where state |N, t〉V obeys the equation
i∂|N, t〉V /∂t=(Hˆ0+ Vˆg)|N, t〉V , (4.6)
which has to be solved by projecting onto the Hilbert
space determined by orthogonal basis vectors |n〉
and |q, n〉. The initial condition is given by equa-
tion |N, 0〉V = |N, 0〉 [see Eqs. (2.12)-(2.13)]. Then
searching for the solution in the form
|N, t〉V = e−iE0t
N∑
n=0
Cne
−inǫZt
[
an(t)|n〉
+
∑
q
e−iEqtbnq(t)|q, n〉
]
,
(4.7)
where an(0) = 1, and bnq(0) = 0, and substituting
this into Eq. (4.6), we come with the help of Eqs.
(4.2) and (4.3) to
i∂an/∂t =〈n|n〉−1
∑
q
e−iEqt〈n|Vˆg|q, n〉bnq(t) (4.8)
and
i∂bnq/∂t=〈n,q |q, n〉−1eiEqt〈n,q|Vˆg |n〉an(t) . (4.9)
The studied initial stage, t ≪ T2, actually means
condition |bn| ≪ |an| in this case, i.e. we have to
find the solution of Eqs. (4.8) in the leading ap-
proximation in perturbation Vg. To be more precise,
bnq must be calculated to the first order and an to
the second-order (both corrections are essential since
contribution to the stochastization is determined by
the terms in a∗n+1an and b
∗
n+1qbnq proportional to
V 2). So,
bnq=nfb(q, t) and an= 1+n
(
1− n
Nφ
)
fa(t),
(4.10)where
fb(q, t)=
√
2π
Nφ
µBB
Eq
(
eiEqt− 1)Φ(q) and
fa(t)=
2π(µBB)
2
Nφ
∑
q
|Φ(q)|2
∫ t
0
i
1− e−iEqt′
Eq dt
′.
Substitution of Eq. (4.10) into Eq. (4.7) and then
into Eq. (4.5) yields
〈S+〉=e−iǫZt
N−1∑
n=0
CnCn+1〈n+1|n+1〉
(
1+fa− i 2nNφ Imfa
)
.
The imaginary part of fa results only in an inessen-
tial correction to the frequency of Larmor oscilla-
tions ǫZ and does not contribute to the damping. By
ignoring Imfa the expression in parentheses ceases
to depend on n. Then we find 〈S+(t)〉 proportional
to S⊥(0) = 〈S+(0)〉 that means the transverse re-
laxation process occurs in the same way regardless
of specific value of initial deviation. This result is,
certainly, quite in accordance with the macroscopic
approach results. So, we obtain
〈S+(t)〉= S⊥(0)e−iǫZt [1+Refa(t)] , (4.11)
where
Refa(t)
=−2π(µBB)2
∫ E∞
0
Φ2(q)[1−cos(Eqt)]ν(Eq)dEq/Eq2
(4.12)
[ν(ε) denotes the density of states: ν(Eq)=qdq/dEq,
in particular ν(0) = Mx]. Generally, any fur-
ther transformations of the expression (4.12) re-
quires a more detailed description of the Φ(q) and
ν(ε) functions, which in turn are determined by
the g-factor spatial disorder and by the real size-
quantized (along the perpendicular zˆ direction) elec-
tron wave-function in the quantum well. However,
at sufficiently large times t, namely if condition
Eqt & 1 means that q ≪ 1 and Φ(q) ≈ Φ(0), then
Refa(t) = −[πµBBΦ(0)]2Mxt. If one recalls the def-
inition of Φ(q) via G-correlator, then simple analy-
sis shows that this asymptotic expression is valid if
t≫Mx(Λ/lB)2, where Λ is the characteristic corre-
lation length of the smooth spatial disorder. Thus,
performing comparison with Eq. (4.11), we find
the formula |S⊥(t)| = |S⊥(0)|(1 − t/T2) with inverse
stochastization time
1/T2 = [πµBBΦ(0)]
2Mx. (4.13)
This result is valid within the time interval
Mx(Λ/lB)
2 ≪ t≪ T2.
As examples we study two specific kinds of the
random spatial function g1(r) distribution. For sim-
plicity, we consider the most ‘strong ferromagnet’
state of the unit filling where the spin-up sublevel
of the zero Landau level is completely occupied and
other electron quantum states are empty, i.e. l=0.
A. The Gaussian disorder
First let the correlator be Gaussian, G(r) =
∆2ge
−r2/Λ2 being parameterized by the fluctuation
8amplitude ∆g and the correlation length Λ. Then
Φ2(q)=∆2gΛ
2e−βq
2
/4πl2B, where β=1/2+Λ
2/4l2B. Ac-
cording to actual situation one may consider β≫1;
in this case characteristic values are q≪ 1 and we
may again put ν(Eq) ≈ Mx and integrate in Eq.
(4.12) from 0 to ∞. Then we obtain
Refa = −
(
t/T
(G)
2
){
(2/π) arctan
(
2t/τ
(G)
0
)
−
(
τ
(G)
0 /2πt
)
ln
[
1+
(
2t/τ
(G)
0
)2]}
,
where
1/T
(G)
2 = πMx(µBBΛ∆g/2lB)
2 (4.14)
(this expression is by a factor of 1/2 differ-
ent from the estimate given in Ref. 9); and
at the initial stage the dependence is quadratic
Refa ≈ −2t2
[
πT
(G)
2 τ
(G)
0
]−1
where the characteris-
tic transient-stage time is
τ
(G)
0 =Mx(Λ/lB)
2. (4.15)
B. The Lorentzian disorder
If the correlator is determined by the Lorentz dis-
tribution, G(r) = ∆2g(r
2/Λ2+ 1)−1, then Φ2(q) =
(∆gΛ/lB)
2K0(qΛ/lB)e
−q2/2/2π (K0 is the Bessel
function), and Φ(q)|q→0 in Eq. (4.13) logarithmi-
cally goes to infinity. In this case one has to take into
account a real minimum of q’s which is determined
by uncertainty δq ∼MxlB|∇ϕ| related to violation
of the translational invariance due to a smooth ran-
dom electrostatic potential ϕ(r) inevitably existing
within the 2D channel (see, e.g., Ref 10 and refer-
ences therein; really |∇ϕ|Λ ∼ 0.4 − 0.6meV). So,
substituting qmin∼ δq instead of zero in Eq. (4.13),
we find for the T2 in the case of the Lorentz disorder
1/T
(L)
2 =
π
2
(µBB∆gΛ/lB)
2Mx ln
2
Mxϕ
, (4.16)
where ϕ is the smooth random potential amplitude,
ϕ= 〈|∇ϕ|Λ〉. As again Λ≫ lB, for the initial-stage
of the stochastization one can calculate the integral
in Eq. (4.12) by putting ν(Eq) =Mx and E∞ =∞,
and find at t . τ
(L)
0 that Refa≈−t2/T (L)2 τ (L)0 , where
τ
(L)
0 =
√
2Mx(Λ/lB)
2 ln
2
Mxϕ
. (4.17)
V. KINETIC APPROACH TO THE
STOCHASTIZATION PROBLEM
In previous sections a purely quantum-mechanical
problem of evolution of the excitation has been
solved. When so doing only the initial stage is rel-
evant in the case and thus it has been considered.
Except for a short interval of the transition pro-
cess, this stage of the transverse relaxation is de-
scribed by a linear function of time. Generally we
have no reasons to think the dependence |S⊥(t)| be-
comes damping exponent for longer times t & T2
– as it would follow, e.g., from the phenomenologi-
cal equation (1.2). As mentioned above, a complete
solution of the quantum-mechanical problem would
need consideration of states
|{q}k;n〉 = (S−)n−kQ†q1Q†q2 ...Q†qk |0〉 (5.1)
(here {q}k stands for the set of nonzero numbers
q1,q2, ...qk). In the presence of a perturbation re-
sponsible for the |{q}k;n〉 → |{q}k+1;n〉 transitions
occurring within the ‘n-shell’ (i.e. at a constant to-
tal number of excitons n) an effective number of
nonzero spin excitons k grows in time, and in the
case k ∼ n∼N ∼ Nφ our model of non-interacting
spin excitons fails.22 Then certainly the stochastiza-
tion process a priori becomes non-exponential.
If k ≪ Nφ (which definitely takes place for small
deviations at the initial time, i.e. if N ≪ Nφ), then
the state (5.1) is quite meaningful and represents
gas of nonzero excitons in the ‘dilute limit’. In this
section we demonstrate a kinetic approach to the
stochastization problem. We consider the state |n〉
as the initial one with number n≫ 1 in the vicinity
of the maximum: n ≈ nm = N sin2(β/2), and still
consider n≪ Nφ. Following the decay mechanism
related to transitions |n〉→ |n;q1〉→ |n; {q}2〉... we
study the |{q}k;n〉 → |{q}k+1;n〉 process and the
corresponding change of the value S2⊥ = (S+S−+
S−S+)/2. Operator S
2
⊥, if considered within the
‘dilute limit’, is diagonal in the basis consisting of
states (5.1). Taking into account formula
〈n; {q}k|{q}k;n〉
=
(n−k)!(Nφ−2k)!
(Nφ−n−k)! N
k
φ
[
1+O
(
k
Nφ
)]
(5.2)
[see Appendix A and cf. Eq. (4.4)], we obtain the
semi-classical value
S2⊥=
〈n;{q}k|S+S−−Sz|{q}k;n〉
〈n; {q}k|{q}k;n〉 ≈Nφ(n−k) (5.3)
in the |{q}k;n〉 state. This formula reveals that the
transverse spin-component squared is proportional
to n−k which is the number of Goldstone spin ex-
citons noninteracting with each other. The decrease
in this number (the increase in k) determines the
transverse relaxation process.
Now let us find the rate of the S2⊥ change by cal-
culating total probability for the transformation of
the |i〉 = |{q}k;n〉 state into various states |fq〉 =
|{q}k+1;n〉 per unit time (here qk+1=q). This prob-
ability is equal to the rate of growth of number k,
dk/dt =
∑
q
Wi→fq , (5.4)
where partial probabilities are determined by well
known formula
Wi→fq =
2π|〈fq|Vˆg|i〉|2
〈i|i〉〈fq|fq〉 δ(Efq − Ei), (5.5)
where we again consider the operator (4.2) as a per-
turbation. In the framework of our approximation,
k<n≪Nφ, the matrix element is
9〈fq|Vˆg|i〉≈−2(n−k)µBB
√
π
2Nφ Φ(q)〈fq|fq〉. (5.6)
The sum in Eq. (5.4) actually represents sum-
mation over nonzero q’s. It looks, however, rather
uncertain since formally the δ-function argument in
Eq. (5.5) is equal to q2/2Mx. A more detailed study
enables us to remove this uncertainty (see Appendix
B) and finally to obtain with the help of Eqs. (5.2)
– (5.6) the kinetic equation describing the damping
process:
dS2⊥/dt = −2S2⊥/T2. (5.7)
The derived equation is independent of n and k, and
the transverse relaxation time T2 is just the same
as that given by equation (4.13) of the section IV,
including particular cases (4.14) and (4.16). So, if
the initial deviation from the equilibrium direction
is small, |S⊥(0)| ≪ Nφ, then the kinetic equation
(5.4) results in the exponential damping of the Kerr
rotation:
|S⊥(t)| = |S⊥(0)|e−t/T2 . (5.8)
(The transient stage occurring in time t . τ0 is cer-
tainly not described in the framework of the kinetic
approach used.)
VI. CONCLUSION
The work is devoted to study of an unconventional
spin-rotation mode emerging at optical excitation in
quantum Hall spin-polarized systems. This mode
macroscopically is indistinguishable from a simple
turn of the entire electron spin system from the
zˆ-direction. However, a general phenomenological
approach shows the unconventional mode dynam-
ics in the quantum Hall ferromagnet hardly obeys
the Landau-Lifshitz equation. The microscopic ap-
proach reveals the quantum state of the unconven-
tional mode to be not equivalent to a rotation as
a single-whole of all spins by the same angle. This
specific property manifests itself in the dependence
of the effective (macroscopic) rotation angle on the
intensity of laser pumping rather than on the laser-
beam direction alone. [See Eq. (3.4) where number
N is determined by the laser pumping; if N reaches
Nφ, then the unconventional mode becomes the con-
ventional Goldstone mode and the equality θ = β
holds even at higher intensities of laser pumping.]
A microscopic approach to the problem consists
in solution of a non-stationary Schro¨didger equa-
tion where the unconventional spin-rotation mode
is considered as the initial state. When so doing
within the reduced basis approximation, only the
initial stage of the time-dependence found is rele-
vant and actually describes the Goldstone-state evo-
lution including its Kerr precession and damping.
As the perturbation resulting in damping, a stochas-
tization mechanism is considered which is related to
spatial fluctuations of the effective Lande´ factor. If
the correlation length of these fluctuations Λ is as-
sumed to be approximately equal to the correlation
length of the smooth random potential in the quan-
tum well (∼ 50 nm), and the amplitude ∆g is as-
sumed to differ from the vacuum number g=2 by a
factor approximately equal to ratio of the random-
potential amplitude to the forbidden band gap in the
GaAs/AlGaAs structure (∼ 0.001), then according
to Eqs. (4.14) and (4.16) the characteristic damping
time is T2 ∼ 1− 10 ns. (We also used 1/Mx∼2meV
and B=3−10T in agreement with available experi-
mental data.5,9) This time of the transverse spin re-
laxation is well shorter that the total relaxation time
in a similar system.10 The microscopic approach also
enables us to describe the transient process preced-
ing establishment of linear dependence of the dimin-
ishing transverse component |S⊥| on time. Charac-
teristic time of this short transient stage is given by
Eqs. (4.15) and (4.17) and is τ0∼10− 50 ps.
In parallel the kinetic approach shows that, as ex-
pected, at small initial excitations the damping pro-
cess for times t≫ τ0 occurs exponentially [see Eq.
(5.8)] just with the T2 time calculated in the frame-
work of solution of the non-stationary Schro¨dinger
equation.
Formally, the results reported are applicable only
in a narrow region near integer fillings 1 and 3 (al-
though, in principle, they seem to be phenomeno-
logically projected onto the case of fractional ferro-
magnets where ν = 1/3, 1/5, ...; cf. research in Ref.
19,21). Meanwhile it is known that a skyrmion tex-
ture with a well reduced spin-polarisation emerges
even at small deviation of the filling factor from 1.
Theoretically this ‘skyrmionic’ ferromagnet becomes
‘softer’ than the unit-filling one, and the Goldstone
mode damping should occur much faster due to ap-
pearance of additional stochastization channels re-
lated to some soft modes which were forbidden in
the integer-filling state. This theoretical view is con-
firmed experimentally by both the observation of
the Goldstone mode dynamics 9 and by the study
of the total spin relaxation (recovery of the S vector
to the ground state magnitude) in a quantum Hall
ferromagnet.10
Finally, we note that the presented work is done
by taking into account the experimental background
dealing with ‘classical’ quantum Hall systems, i.e.,
created in GaAs/AlGaAs structures. Nevertheless,
our approach and the results obtained could be ac-
tual or/and at least useful as a basis for future study
of more up-to-date quantum-Hall-ferromagnet states
(in graphene, in ZnO/MgZnO structures...), which
are lately studied intensively although still in the ab-
sence of relevant data concerning relaxation of col-
lective spin states.
The research was supported by the Russian Foun-
dation for Basic Research.
Appendix A
At odd-integer filling factors both zero and
nonzero spin exciton states have equal norms:
〈S+S−〉 = 〈QqQ†q〉 ≡ Nφ (here and everywhere be-
low 〈...〉 means averaging over the ground state:
〈...〉 ≡ 〈0|...|0〉). In equations of this section we do
10
not make any formal difference between zero and
nonzero excitons, that is q may be exactly equal to
zero: S−≡Q†0.
Using commutation rules[Qq1,Q+q2]=eiφAq1−q2−e−iφBq1−q2 , (A.1)
and
eiφ
[A†
q1
,Q†
q2
]
=−e−iφ [B†
q1
,Q†
q2
]
=−Q†
q2+q1 (A.2)
[where φ = (q1 × q2)z/2] one can calculate
projection of one two-exciton state to another:
〈2; {q}′2|{q}2; 2〉≡
〈Qq2′Qq1′Q†q1Q†q2〉
=N 2φ
(
δq2′,q2δq1′,q1+δq1′,q2δq2′,q1
−2 cosΦNφ δq1+q2,q1
′+q2′
)
, (A.3)
where Φ = (q1
′×q1+q2′×q2)z/2. Were the Q-
operators simply the Bose ones, then only the first
two terms in the parentheses of Eq. (A.3) would
constitute the result of the four-operator expecta-
tion. However, the presence of the third term here is
the manifestation of a ‘kinematic interaction’ of the
spin excitons. This ‘interaction’ is a consequence
of the non-Bose commutation rules (A.1). Such a
specific spin-excitonic ‘coupling’ plays a role, e.g.,
when studying phenomena related to scattering of
spin excitons by each other, and also when calcu-
lating norms of many-excitonic states when the to-
tal number of excitons is comparable to Nφ. How-
ever, if we find the squared norm of a two-exciton
state |2;{q}2〉 with different momenta, q1 6=q2, then
the kinematic interaction may be neglected and cer-
tainly we just have 〈{q}2; 2|2;{q}2〉≈N 2φ . Physical
meaning of this result is transparent, and the sim-
ilar property is generalized to any state |k;{q}k〉 if
the exciton concentration k/Nφ is small. Namely, in
the dilute regime, k/Nφ≪ 1, by considering all q’s
to be different: q1 6=q2 6= ...qk, one may ignore any
interference of single spin-exciton states and obtains
the squared norm
〈k; {q}k|{q}k; k〉
≈ 〈Qq1Q†q1〉〈Qq2Q†q2〉...〈QqkQ†qk〉 = N kφ .
(A.4)
Now we consider state (5.1) representing a dilute
gas of nonzero spin excitons against the background
of a zero-exctonic condensate. Let us act on it by
the operator S+≡Q0. Using properties
[S+,Q†q]=A†q−B†q , [A0−B0,Q†q]=−2Q†q ,
and
(A†
q
−B†
q
)|0〉=Nφδq,0|0〉,
we come to the following equation:
S+|{q}k;n〉=(n−k)(Nφ−n−k+1)|{q}k;n−1〉
+(S−)
n−k
k−1∑
i=1
Q†
q1
Q†
q2
...Q†
qi−1
(A†
qi
−B†
qi
)...Q†
qk
|0〉.
(A.5)
With the help of commutation rule (A.2) one finds
that the second item in the r.h.s. here is just deter-
mined by the kinematic interaction of nonzero ex-
citons. We study the situation where k≪Nφ and,
besides, k≪Nφ−n. Then the squared norm of the
second item, being smaller than
k2〈{q}k−1;n−1|n−1; {q}k−1〉,
turns out to be negligible compared to that of the
first one, and thus we retain in the r.h.s. of Eq.
(A.5) only the first term. By acting n−k times with
the operator S+ on the state |{q}k;n〉, we get
(S+)
n−k|{q}k;n〉≈(n−k)!(Nφ−2k)!
(Nφ−n−k)! |{q}k; k〉. (A.6)
Then taking into account Eq. (A.4), we come to the
result given by equation (5.2) for the squared norm
of the state |{q}k;n〉. In the special cases of k = 0
and k=1, when the kinematic interaction is missing,
formulae (A.6) and (5.2) are quite exact and result
in Eqs. (2.9) and (4.4).
Finally, we note that in summation over q in Eq.
(5.4), one may certainly ignore any cases of exact
coincidence of the q=qk+1 number in the final state
|{q}k+1;n〉 with some of the values q1, q2,...qk in the
initial one. This is evident from the fact that zero-
dimensional phase volume of these coincidences is
negligible compared to the 1D volume of possible q
values in the final state [the 1D volume (rather than
2D one) is due to the presence of the δ-function in
Eq. (5.4)]. This statement is true for any number
k, and therefore only states with q1 6= q2 6= ... 6= qk
values are relevant in the framework of the kinetic
approach developed in Sec. V.
Appendix B
The summation in Eq. (5.4),
∑
q
...δ(q2/2Mx)
where q values, even being infinitely small, are not
identically zero formally results in zero. However,
if one adds an infinitesimal term (q×ε)z to the δ-
function argument (ε → 0) then the situation be-
comes well defined. Physical meaning of this term
will become clear if one takes into account the ex-
istence of electric dipole moment elBq × zˆ of the
nonzero spin exciton. That is, the 2D vector ε is just
proportional to a weak external electric field ~E (x, y)
appearing, e.g., due to a smooth random potential
present in the quantum well. Thus the summation
is performed trivially∑
q
F (q)δ(...)
= (Nφ/2π) lim
ε→0
∫
dqF (q)δ(q2/2Mx+ q×ε)
= F (0)NφMx/2.
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